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Abstract. The coefficient space is a kind of resolution of singularities of 
the universal flat deformation space for a given Galois representation of some 
local field. It parametrizes (in some sense) the finite flat models for the Galois 
representation. The aim of this note is to determine the image of the coefficient 
space in the universal deformation space. 



1. Introduction 

In the theory of deformations of Galois representations one is often interested in 
a subfunctor of the universal deformation functor consisting of those deformations 
that satisfy certain extra conditions, so called deformation conditions (cf. |Ma[ 
§23]). If we deal with a representation of the absolute Galois group of a finite 
extension K of Qp in a finite dimensional vector space in characteristic p, there is 
the deformation condition of being flat, which means that there is a finite fiat group 
scheme over the ring of integers of K such that the given Galois representation is 
isomorphic to the action of the Galois group on the generic fiber. The structure of 
the ring pro-representing this deformation functor is of interest for modularity lifting 
theorems (see [Kil| for example). To get more information about this structure, 
Kisin constructs some kind of "resolution of singularities" of the spectrum of the 
fiat deformation ring. This resolution is a scheme parametrizing modules with 
additional structure that define possible extensions of the representation to a finite 
fiat group scheme over the ring of integers. In [PR2J Pappas and Rapoport globalize 
Kisin's construction and define a so called coefficient space parametrizing all Kisin 
modules that give rise to the given representation. 

Following the presentation in |PR2| we want to determine here the image of the 
coefficient space in the universal deformation space. This question was raised by 
Pappas and Rapoport in |PR21 4.c]. Further we show how to recover Kisin's results 
from the more abstract setting in |PR2) . The main result of this note is as follows. 
Let _ftr be a finite extension of Qp, where p is an odd prime, and p : Gk — > GLd(F) 
be a continuous flat representation of the absolute Galois group Gk = Gei\{K / K) 
on some d-dimensional vector space over a finite field F of characteristic p. If 
^ : Gk — > Gljd{A) is a deformation of p, we write Ck(C) for the coefficient space 
of (locally free) Kisin modules over Spec A that are related to the flat models for 
the deformation ^ (see also the definition below). 

Theorem 1.1. Assume that the flat deformation functor of p is pro-representahle 
by a complete local noetherian ring R^. We write p : Gk ^ GLd(i?«) for the 
universal flat deformation. Then the morphism Ck{p) — ^ Spec is topologically 
surjective. 
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Corollary 1.2. // it exists, the flat deformation ring R is topologically flat, i.e. 
the generic fiber Speci?^[l/p] is dense in Speci?''. 

If the ramification index of the local field K over Qp is smaller than p—1, then this 
implies the following result, already contained in [PR2l 

Corollary 1.3. Denote by e the ramification index of K over Qp. Assume that the 
flat deformation functor of p is pro-representable and that e < p — 1. Then is 
the scheme theoretic image of the coefficient space. 

Acknowledgements: I want to thank G. Pappas and M. Rapoport for their com- 
ments and remarks on a preliminary version of this note. This work was supported 
by the SFB/TR45 "Periods, Moduli Spaces and Arithmetic of Algebraic Varieties" 
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Let p be an odd prime and X be a finite extension of Qp with ring of integers Ok, 
uniformizer tt g Ok and residue field k = Ok /t^Ok- Denote by Kq the maximal 
unramified extension of Qp in K and by Vl^ = W{k) its ring of integers, the ring of 
Witt vectors with coefficients in k. Fix an algebraic closure K oi K and denote by 
Gk — Ga\{K / K) the absolute Galois group of K . Further we choose a compatible 
system 7r„ of p"-th roots of the uniformizer tt in ^ and denote by Koo the subfield 
y}K{-Kn) oi K. We write Gk^ = Gal(^/i^oo) for its absolute Galois group. 
Let d > be an integer and F a finite field of characteristic p. Let p : Gk — > GLc;(F) 
be a continuous representation of Gk and denote by poo — p\gk^ the restriction 
of p to Gk^ ■ 

We consider the deformation functors Dp, 2?? and on local Artinian W^(F)- 
algebras with residue field F. For a local Artinian ring {A, m) we have 



where two lifts pi, p2 are said to be equivalent if they are conjugate under some 
g G ker(GL(i(A) — > GLd{A/m)). The functor 2?? is the flat deformation functor of 
Ramakrishna (cf. |Ram| ) . i.e. the subfunctor of Dp consisting of all deformations 
that are (isomorphic to) the generic fiber of some finite flat group scheme over 
Spec Ok- Here "isomorphic to" means isomorphic as Zp[Gif]-modules, as the 
action of the coefficients in the generic fiber does not need to extend to the group 
scheme. 

If Vp (resp. I?§) are pro-representable, the pro- representing ring will be denoted 
by R (resp. R^). 

Recall that d > denotes an integer and consider the following stacks on Zp- 
algebras, defined in iPR2 . For a Zp-algebra R, write Rw for R®Zp W and Rwiiu)) 
(resp. i?vy[[M]]) for R®ipW{{u)) (resp. i^cgiz^ VF[[u]]), where the competed tensor 
products are the completions for the it-adic topology. Further we denote by the 
endomorphism of i?vi/((u)) that is the identity on R, the Frobenius on W and that 
maps u to u^. 

We define an fpqc-stack TZ on the category of Zp-schemes such that for a Zp-algebra 



2. Notations 




equivalence classes of p : Gk — > GLd{A) such that 
p mod m = p 

equivalence classes of p : Gk^ GLd{A) such that 
p mod m = Poo 
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R the groupoid TZ{R) is the groupoid of pairs (M, $), where M is an Rw{{u))- 
module that is fpqc-locally on Spec R free of rank d as an i?H'((u))-niodule, and $ 
is an isomorphism (j)*M — M. 

Further we define a stack C as foUows. The i?- valued points are pairs $), where 
971 is a locally free [[u]]-module of rank d and $) e TZ{R). For m e I. 

consider the substacks Cm C C given by pairs $) satisfying 

(2.1) C $(0*5m) C u^"5m. 

For ft, G N we write Chj< for the substack of C consisting of all (971, $) satisfying 

E{u)''m c <s>{(t)*m) cm. 

Here E{u) G is the minimal polynomial of the uniformizer tt e Oic over i^o- 

In the following we will only consider the case h = 1 and just write Ck for Ci^k- 
We will write Ck resp. TZ for the restrictions of the stacks Ck (resp. TV) to the 
category Nilp of Zp-schemes on which p is locally nilpotent. See also |PR21 §2] for 
the definitions. 

The motivations for these definitions are the following equivalences of categories 
(see and [Eil §1]). 

Proposition 2.1. Let A be a local Artin ring with residue field F a finite field of 
characteristic p. Then the category of Gk^ -representations on free A-modules of 
rank d is equivalent to the category of etale <j)-modules over {A®j^^ W){{u)) that are 
free of rank d. 

Theorem 2.2. Let p > 2. Then there is an equivalence between the groupoid of 
finite flat group schemes Q over Spec Ok md the groupoid of pairs (971, $), where 
dJl is a W[[u\]-module of projective dimension 1 and $ : 97t 971 is a (p-linear 
map such that the cokernel of the linearisation of ^ is killed by E{u). Under this 
equivalence the restriction of the Tate twist of the G k -i^ep^esentation on G{K) to 
Gk^ corresponds to the etale (p-module (97l[l/u], $). 

Further we will use the following notations: Let {A, m) be a complete noetherian 
M^(F)-algebra and ^ : Spf A 7?. be an A-valued point of TZ. Write ^„ for the 
reduction of ^ modulo m"+^. By |PR2|, Corollary 2.6; 3.b] the fiber product 

Spec(A/m"+i) xuCk 

is representable by a projective ^/m"+^-scheme C/f (^„) that is a closed subscheme 
of some affine Grassmannian over Spec(y4./m""'""'^) for all n > 0. These schemes give 
rise to a formal scheme Ck{0 over Spf A. Using the very ample line bundle on the 
affine Grassmannian this formal scheme is algebraizable. The resulting projective 
scheme over Spec A will be denoted by Gk{C)- 

Remark 2.3. Note that this does not give an arrow Ck{0 Ck. For example the 
module 97t = together with the 0- linear map $ given by $(1) = E{u) does 

not define a Zp-valued point oICk but rather a "formal" point 

Spf Zp — > Ck ■ 

However if B is some Zp-algebra killed by some power of p, then 

E{u) e {B®^^W{{u))Y\ 



4 



E. HELLMANN 



and hence any locally free B^z^ W^[[M]]-niodules 9Jl with semi-linear map $ satis- 
fying 

E{u)m c ^{(i)*m) c m 

defines a i?- valued point of Ck- 

3. The image of the coefficient space 

In the following we will assume that the representation p is flat (i.e. is the generic 
fiber of some finite flat group scheme over Spec Ok) and that 2?? is representable. 
This is the case if, for example, F,ndf{p) = F (cf. |Co' Theorem 2.3]). We write p 
for the universal flat deformation. 
By Proposition 1 2 . i I we have a map 

(3.1) V-p^ 7^, 

see also |PR21 4. a] and [Kill 1.2.6, 1.2.7]. For some local Artinian ring A and 
some ^ e Vp^^A) we write M(^) G Tl-iA) for the corresponding $-module. More 
precisely, this map identifies Vp^ with TZ[p^] (cf. [PR2, 4. a]). The latter functor 
is given by all deformations in TZ of the $-module M(/Joo)- Especially we find that 
the map in (13. ip is formally smooth. 

Lemma 3.1. The restriction of p to Gk^ induces a map Spf — )■ 2?p^ . Com- 
posing the canonical projection Ck{p) ~^ Spf with this morphism we obtain a 
2-cartesian diagram of stacks on local Artinian W{¥)- algebras: 

Ck{p) ^Ck 



T^Poa ^ -R. 

Proof. Let A be a local Artinian M^(F)-algebra such that p"A = for some n > 0. 
We have to show that there is a natural equivalence of categories 

((OT,$),e,a) with (9Jt,$) e Ck{A) , e e Vp^{A) 
and an isomorphism a : (97l[i], $) — > Af(^) 

First it is clear that Spf R — > Vp^ induces a natural map from the left to the right 

which is fully faithful. We have to show that it is essentially surjective. 

Let X = ((2t, $), ct) be an A-valued point of the right hand side. 

Then (271,$) G Ck{A) and by }PR2[ Proposition 4.3] there is an associated flat 

representation ^ of Gk such that 



CKip){A) 



This shows that y — ((9JT, $), ^, /3) defines a unique point in Ck{p){A). It follows 
from the construction that this point maps to x. □ 

Remark 3.2. Note that it is not clear whether 2?p^ is representable, even if poo is 
absolutely irreducible, since Gk^ does not satisfy Mazur's p-finiteness condition 
(cf. |Ma[ §1. Definition]). As there is an isomorphism 
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each open subgroup of finite index H C Gk^ is isomorphic to the absolute Galois 
group of some local field in characteristic p, 

77 = GalG((t))-P/Z((i))), 

where I is a finite extension of k and t is an indeterminate. Hence by Artin-Schreier 
theory (cf. [Se, X §3. a] for example), there is an isomorphism 

Homeo„t(i?,Z/pZ) = l{{t))/p{l{{t))), 

and the latter group is infinite. 

If one restricts the attention to G/f^ -representations of £'-height < h , then the 
deformation functor 2?=-^ is representable if EndF(poo) — ^ (see [Kiml Theorem 
11.1.2]). The i?- height of a p-torsion Gi^^ -representation is defined as the minimal 
h such that the etale modules associated to the representation admits an 
lattice with cokernel of the linearisation of $ killed by E{u)^ (see ^Kimt Definition 
5.2.8] for the precise definition). 

Proposition 3.3. Let Ck{p) denote the projective R^-scheme obtained from Ck[p) 
by algebraization. Then Ck{p) ®w(¥) W{¥)[\/p\ is reduced, normal and Cohen- 
Macaulay. The reduced subscheme underlying the special fiber Ck{p) <8>m/(f) is 
normal and with at most rational singularities. Further the scheme Ck{p) is topo- 
logically flat, i.e. its generic fiber is dense. 

Proof. This is similar to [Kill Proposition 2.4.6]. 

Denote by y : Spec F 7^ the F- valued point defined by poo • Let a; be a closed point 
of Ck{p)- Extending scalars if necessary, we may assume that x is defined over F. 
Denote by (Mo,$o) G the ^-module defined by y and by (OJto.^'o) S Cif(F) 

the ^-module defined by x. We want to compare the structure of the local ring 
Ock(p),x (resp. its completion) to the structure of a local model Mk defined in 
|PR2|, 3. a]. By loc. cit. Theorem 0.1. there is a "local model "-diagram 

Ck 

(3.2) 

Ck 

with TT and <f> formally smooth. Here the i3-valued points of the stack Ck are the 
<i>-modules (9Jt, $) G Ck{B) together with an isomorphism 9Jt (i3(g)Zp Vl^[[u]])'', 
for a Zp-algebra B. 

We consider the following groupoids on local Artinian T4^(F)-algebras: Denote by 
Vx and Vy the groupoids 





Vy{B) = 



(an, $) e CKiB) such that 
{m(E)B (S/ms), $ ® id) = {Mo «)f (S/ms), $o ® id) 

(M, $) e n{B) such that 
(M <»B {B/ms), $ «) id) ^ (Mq (^w (-B/nxs), $o ® id) 



Fixing a basis of DJIq we may view x as an F- valued point of Ck ■ Denote by T>x the 
groupoid of deformations of x in Ck ■ 

Under the morphism (jj in (|3.2p , the point x maps to a point x of Mk . This point 
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defines an F O/f-submodule L C (F (g)Zp Ok)"^- Let Vx be the groupoid of 
deformations of x, i.e. 

= {S®ZpCif-submodules/: C {B®z^OkY \ /:®s(B/ms) = L®F(B/mB)}. 

This groupoid is pro-represented by the completion of the local ring Omk,x- Now 
we have the following commutative diagram. 




T)- ^ 5^ T> 

where the lower left square is cartesian by Lemma 13.11 As remarked above ^ is 
formally smooth and hence so is As is pro-represented by the complete local 
ring at some closed point of the local model and as ^, tt and (j) are formally 
smooth, the assertion of the Proposition is true if it is true for Mk- But if follows 
from the definitions (using the notation of [PR2l 3.c]) that 

Mi 

for some cocharacters 

Mi ■ *^m,Qp — ^ (Resjf/Qp GLj,)q^ = GL^ Q^, 

such that 

ne{0.1} 

where F^'^- = {u £ | (pr^ o n,){a)v = a"i; for aU a e } and each of the Mj^^j^ 
is a local model in the sense of [PRll (compare |PR2\ Remark 3.3]). Hence, by 
[PRli Theorem 5.4], the generic fiber of the local model Mk ®z Qp is normal, 
reduced and Cohen-Macaulay. The special fiber decomposes as follows: 

Mk Fp = U M'°l^^^yj, Fp, 
where v runs over all cocharacters 

and where /imax(i^) is the maximal dominant cocharacter Gm — >■ Res/^/Q^ GL^ (for 
the dominance order) such that the composition 

•^m.Qp ^ (ReSif/Qp GL(j)q^ _dot^ (ReSx/QpGm)Q^ 

equals v. Now the claim again follows from |PR11 Theorem 5.4]. □ 

Remark 3.4. We need to formulate the result on the local structure of the special 
fiber as a result about the underlying reduced scheme as the local models M^°^ are 
in general not defined over Zp but over a ramified extension and hence there are 
nilpotent elements in the special fiber Mk €5Zp Fp. 
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Proposition 3.5. The map Ck{p) — > Spec becomes an isomorphism in the 
generic fiber over W{¥), i.e. 

Ck{p) ®wm Frac(W^(F)) Spec(i?«[i]). 

Proof. Using the resuh on the local structure of Ck (p) , the proof is the same as in 
[Kill Proposition 2.4.8]. The main point is to check that the map is a bijection on 
points. □ 

Theorem 3.6. Suppose that the universal flat deformation ring of p exists and 
denote by p the universal flat deformation. Then the morphism Ck{p) Spec R^ 
is topologically surjective. 

We will prove this theorem in section 4 below. We will conclude this section with 
some consequences of Theorem 13.61 

Corollary 3.7. Assume that R^ exists, then Speci?*' is topologically flat. 

Proof. This follows from Theorem 13.61 and the corresponding result on Ck{p)- D 

Proposition 3.8. Assume that the universal deformation ring R of p exists with 
universal deformation p""'^. Then Ck{p^^^^) Speci? factors over Speci?'' and 
is (canonically) isomorphic to Cxip)- 

Proof. For rt > denote by p„ : Spec(i?*'/m^t^) ^ the reduction of p modulo 
m^fl^, and similarly (p""'^)n. We consider the following diagram with all rectangles 
cartesian. 

CK{Pn) CKipT"^) Ck 



Spec(i?Vm^+i) ^ Spec(i?/m^+i) ^^^^^^^ 7^, 

By [PR2l Proposition 4.3] the morphism Ck{pT") ^ Spec(i?/m^+^) factors over 
Spec(i?*^/m^t^) and hence CK{pn) Cxip™^^) is an isomorphism. 
As Spf R^ — )■ Spf i? is a closed immersion the formal scheme Ck{p) is a projective 
formal Spf i?-scheme and applying formal GAGA (see |EGA31 5.4]) over Spf i? 
we find that also the algebraizations Ck{p) and Ck(p""''^) are isomorphic over 
Speci?. □ 

Proposition 3.9. Assume that e — [K : K^] < p — 1. Then the morphism 

Ck{p) Spec R^ 

is an isomorphism. 

Proof. It is enough to show that Ck{p) Spf R^ is an isomorphism. We show 
that both objects pro- represent the same functor, i.e. Ck{p) pro-represents the 
deformation functor P?. Let ^ be a local Artinian ring and ^ S V^^A) a flat defor- 
mation of p. By a result of Raynaud (cf. |Ral Proposition 3.3.2]) there is a unique 
flat model for this deformation. Denote by $) the l/F[[u]]-module associated 
with this group scheme by Kisin's classification. This is a M^[[u]]-submodule of the 
etale (^-module (M, $) over Aw{{u)) corresponding to the (twist of) the restriction 
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of ^ to Gk^- Replacing 9Jl by its Aiv[[u]]-spaii inside M, we may assume that it 
is an AvK[[w]]-submodule of M. Applying the argument of |PR2| Remark 4.4] we 
find that 9Jt is free over This defines the unique point in Ck{A) above 

We have shown that the functor morphism Ck{p) is bijective on A- valued 

points. The claim follows. □ 

Remark 3.10. All the above results also apply to framed deformation rings. We 
need to replace the deformation functors by deformation groupoids and the fiber 
products by 2-fiber products. For the corresponding result on the local structure 
one only needs that the morphism 2?? is smooth, where denotes the 

^ Poo ' Poo 

groupoid of framed deformations of p^o- The result for framed deformations (or 
for deformation stacks) can be stated as follows: Given a field F of characteristic 
p and a morphism Spec_F — ^ Speci?**. There exists an fpqc-cover F' of F and a 
integral complete local ring (/l,m) with char(Fracyl) = and A/m = F' such that 
the composition 

SpecF' — > SpecF — > Speci?" 
lifts to a morphism Spec A — > Spec . 

Remark 3.11. If the prime p equals 2, then there is a similar classification of fi- 
nite fiat group schemes as in Theorem 12.21 but it only applies to connected group 
schemes (see |Ki2| ). Hence the same results hold in the case p = 2, if one considers 
deformations that are the generic fiber of a connected finite fiat group scheme. 

4. Proof of Theorem 13.61 
In this section we prove the main result, Theorem 13.61 

Let e = [K : Kq] denote the ramification index of K over Qp. Then the degree of 
the Eisenstein polynomial E{u) is e and its reduction modulo p is G k[u\. 
For the rest of the section we denote hy Op = ^ complete discrete valuation 

ring in characteristic p with finite residue field I containing k. We will use the 
notation yl„ = C'i?/(ci7"+^) (8)^^, A;. For a ring i? and a free i?((M))-module i?((u))'', a 
finitely generated projective i?[[M]]-submodule that generates R((u))'^ will be called 
a lattice in R{{u))'^. Finally, we will write Oj^^Hu}} for the tu-adic completion of 
Of{{u)). 

Lemma 4.1. Let (Af, <f>) £ TZ{Of / {^"'^^ j) and M C M a finitely generated 
An[[u\]-submodule such that dJl[l/u\ = M and 

u^m C <^{<j>*m) C 971. 

Then the l-dimension of the u-torsion part of the finitely generated l^u\\-module 
Dyi/wDJl is bounded by 

dimKajl/tnOT)*"" < [k : ¥p]d^. 
Proof. We can describe the u-torsion as follows. 

n 

m/wM = 0(an n m'M)/{mm nw'M + mn m'+^M). 

i=0 

In this direct sum the summand for z — is the free part in the quotient and the 
i-th summand is the contribution of the elements in SH n {zj'^ M\w^'^^ M) to the 
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w-torsion. Further for i G 1, . . . , n — 1 we have 

dimi{m n w'M)/{rum + mn w'+^m) 
= dimi{m n zu'+Hi)/{ru'+^m + mn m'+^M). 

This can be seen usmg the interpretation of dini;(9Jlnn7*M)/(n7*93l + 2)tnti7'+^i\f ) 
as the sum of all elementary divisors of the lattice (SUt n zu'M)/{M n vj'+'^M) with 
respect to vj'M/{Mnw'+^M) as -lattices in w'M /zu'+^M and the fact that the 
multiplication by ru induces isomorphisms from zu'^ M / zu'^^^ M to ro^+^M/ro^+^M 
for i < n — 1. Now we find that 

dim; (ajl/roOJl)'"" = dim,(9Jt n n7"M)/cc7"9Jt. 

The Lemma now follows from the following claim: 

We denote by j the minimal integer such that {DJl fl w^M) C xu"'OJl. 

Thenpj is the minimal integer r such that '«''$((/)*(9Jtnro"M)) C ro" 971). But 

we have 

w"^i(j)*m) Du"tn"2)T3w"+^'(S[rtnn7"M) D u'=+^$(?i*(OTnti7"M)). 
Hence pj < e + j and the claim follows. □ 

Lemma 4.2. Let (M, $) e TZ{Of /i"^^^^)) ■ Then there are at most finitely many 
finitely generated An[[u\]-submodules 971 C M such that 9Jl[l/u] = M and 

u^m c $(</>*97T) c m. 

Proof. The module M is a nd[k : Fp]-dimensional l{{u)) vector space. Every finitely 
generated submodule 9Jt C Af with 9JI[1/m] = M is an -lattice in M. 

Hence the argument of [Kill Proposition 2.1.7] shows that there exists a lattice 
9Tto C M and integers ii,«2 G Z such that all 971 C M satisfying the properties of 
the Lemma satisfy 

u'^DJlo C 971 C u'^97to. 
These are only finitely many lattices. □ 

Proposition 4.3. Let (Af, $) be a point Spf Op Ti and denote by (A/„,$„) 
the reduction modulo zu"^^ , i.e. the (j)-module defined by Spec Op/'OJ'^^^ — > TZ. 
Assume that there exist finitely generated An[[u\] submodules 97l„ C A/„ such that 
97l„[l/u] = Mn and 

u^mn C $„((/)*97T„) C 97t„. 
Then there exists (Af , $) G TZ{Of) such that 

{M/vj'^+^M, $ mod = (Af„, $„). 

Proof. We denote by Z„ the set of all finitely generated An [[it]]-submodules 9T C Af„ 
such that 9T[l/u] = A/„ and 

By assumption these sets are non empty and by Lemma |4. 21 thev are finite. Further 
if 9T G Mn and m < n, then the image of under the map 

Af „ 
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defines an element of Zm, denoted by fnm{^)- As the sets Zt are non empty and 
finite we can inductively construct a sequence 9Jt„ g Zn such that ,fnm{^n) = 
for rn < n. We denote this sequence again by S!Jl„ instead of DJln- 
By Lemma 14.11 there are only finitely many possibilities for the isomorphism class 
of the u-torsion in Tln/wDJln- Hence there exists a strictly increasing sequence 
fii £ N such that 

(4.1) mnjvjmn,^^^nj^^n, 

for i,j G N. Now there is an isomorphism 

where the last summand is the u-torsion part of the left hand side. We find that 
Using (|4.ip and Nakayania's Lemma it follows that 

for all j < i. Especially there is an r G N (independent of i) and generators 
b'"^\ . . . , bi^^ of VJlm as an A„. [[wJJ-module such that the 6^*'' reduce to b^' modulo 
^rij+i j < i. Choosing a compatible expression of $„(6j''') in terms of the 

6^*^ we can define commutative diagrams for j < i 



(A„^[M]^$„J — ^(OT„.,$„j 

where all arrows are surjective. In the limit we get morphisms 



M = lim(A,J(w))^ $„J ^ 

Here the lower arrow is surjective by the Mittag-Leffier criterion: The modules in 
question have finite length. Note that we do not claim that the linearisation of $ 
is an isomorphism after inverting u. 

Now the image of the vertical arrow defines (after inverting u) a free {OF<E)¥k){{u))- 
submodule N of the {Of A;){{u}}-module M such that 

N <E)o^au)) Of{{u}} M. 

The image of N under M M defines a finitely generated {Op ®f k){{u)) sub- 
module N such that 
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Further N is <i>-stable by construction. We claim that TV is free. 
As k C I we have isomorphisms 

And hence M = M^'^") x m("^'^o) x ■ • • x m'^'I>'''^o) where is a fixed embedding, 
(f) is the absolute Frobenius on k and f — [k : ¥p\. The endomorphisni $ maps 
Ml'/'^'Ao) to mC-^'+Vo), As N is $-stable we find that N = TYW'") x • • • x M'P^^'M^ 
where iV('^''^«) is a finitely generated C'i?( (M))-submodule of M^"^ ^""^ that generates 

over 0i?{{u}} and hence is free of rank d, as Of{{u)) is principal. 
Now {N, <i>) is the object claimed in the Proposition: It follows from the construction 
that (TV, $) reduces to (Af„, $„) modulo n7"+^ and hence it follows from Nakayama's 
lemma that the linearisation of $ is invertible on N. □ 

Before we continue we want to remind the reader that not every A„[[u]]-submodule 
DJln C M„ satisfying u'^DJln C <i>„(0*2Jl„) C Win defines an OF/n7"+^-valued point 
of Ck- This is only the case if is a free A„[[u]]-module. 

Proposition 4.4. Let (A/, $) e 7e(C'F) a?id denote by (M„,$„) e 7^(e'F/TO"+l) 
t/ie reduction modulo zu"^^ . Assume that there exist finitely generated An[[u]]- 
submodules 9n„ C M„ such that 9Jl„ = Mn and 

T/ien t/iere exists the diagonal arrow in the diagram 

Ck 




Spec Of *- 7^. 

Proof. Consider the free {F A:)((M))-module M ®Of{{u)) We choose 

an {F (8)Fp fc)[[u]]-lattice C M ®Of{{u)) F{{u)). As the linearisation of $ is an 
isomorphism, there exist r G N such that 

i.e. is an F- valued point of the stack Cr defined in (|2.ip . 

By |PR2[ Corollary 2.6] and the valuative criterion of properness, the diagonal 
arrow in the diagram below exists. 

Spec F Cr 




Spec Of ^ 7^. 

This means that VI extends to an [Op fc)[[u]]-lattice *n such that 

We denote by Vln the reduction of 91 modulo ■ci7"+^. 

By assumption there are finitely generated A„[[u]]-submodules 9}T„ C Mn such that 
2n„[l/u] = Mn and 
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By the same argument as in the proof of Proposition 14.31 we can assume that 2H„ 
maps onto VJln-i under the projection M„ Mn-i for all n. Now the argument 
of [KilJ Proposition 2.1.7] shows that there is an integer s only depending on r and 
e such that 

If we write SOT for lim9}t„, then this shows 

u'^ C 971 C u-""^. 

Hence SEJl is finitely generated over and contains an [Op ®¥p fc)((M))-basis 

of M. Further it stiU satisfies u'^m C <^{(t>*M) C and 971 (S)Op[[u]] F[[u\] is free 
over (F fc)[[u]]. Hence we obtain the following commutative diagram 

Spec F ^ C]^ 



Spec Of ^ 7^, 

where C]^ = Ck x Spec Zp Spec Z /pL is the reduction of Ck modulo p (compare fPR2j 
3.b.]). By loc. cit. the stack C]^ is a closed substack of Cg — Ce Xspcc Zp Spec "LjpL. 
Using the valuative criterion of properness again we obtain the desired arrow. □ 

Proof of Theorem \3.6l By Proposition 13.51 the morphism Ck (p) Spec is an 
isomorphism in the generic fiber over M^(F). Especially it is surjective. 

We write Ck{p) — Ck{p)®w{v)^ for the special fiber oiCxip) and R for R^/pR^. 

Let 77 be a point of R^ that is not the unique closed point xq- We mark the 
specialization 77 by a morphism 

Spec Op^lf. 

where Spec Op is a complete discrete valuation ring and the morphism maps the 
generic point of Spec Of to 77 and the special point to xq. By a Zariski density 
argument is suffices to assume that the residue field of O^^- contains k (recall that 
R^ is a quotient of a power series ring in finitely many variables over 14^ (F)). The 
morphism 

(4.2) Spf Of SpiR^ Vp^ 

induces modules (M„,$„) G 7?.(C'j?/n7"+^). By Kisin's classification of finite flat 
group schemes fTheorem l2.2p there exist finitely generated fc[[u]]-submodules 97t„ C 
Mn such that 9Jt„[l/u] = M„ and 

w"9Jl„ C ^n{(i)*mn) C 97l„. 

Replacing 9Jt„ by the (Of/tu"^^ fc)[[u]]-modules that it generates, we may as- 
sume that 97l„ is stable under the action of O f / 'OJ^'^^ ■ By Proposition l4.3l the arrow 
Spf Of TZ is algebraizable to a morphism Spec Of Tl and by Proposition 14.41 
we obtain a commutative diagram 



Ck 




Spec Of ^ 7^. 
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This yields a commutative diagram 

Ck{p) 




Spf Of ^ 'D-p^ ■ 

We have to show that the arrow Spf Of —> T^p^a factors over and that this 
morphism coincides with the arrow in (|4.2p . 

By |PR2i Proposition 4.3] we obtain from the morphisms Spec Op/^^^^ Ck flat 
Gi<--representations such that the restriction to Gk^ induces the objects (A/„, $„) 
under the morphism (|3.ip . By [Bri Theorem 3.4.3] the restriction to Gk^ is fully 
faithful on the category of flat p-torsion G^j-representations and hence the two 
morphisms Spf Op Spf coincide. This yields the claim. □ 
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